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1. Introduction
Descent theory was originally invented by A. Grothendieck for the purposes of algebraic geometry [6] in the context of
ﬁbered categories. The results in [3] tell us when Grothendieck descent reduces to another categorical notion, namely to
monadicity (see also [9]). When the ground category is the category Top of topological spaces, we can speak of “topological
descent”. For a base space B and an extension p : E → B the descent from E to B is a general and powerful technique of
solving problems on B using the extension. It uses a very special notion of extensions, namely the effective descent mor-
phisms. It was ﬁrst noticed that every open map is an effective descent map (see [11,14]), as well as every proper surjection
(see [12,15]). The topological characterization of the effective descent maps was obtained only in 1991 by J. Reiterman and
W. Tholen, by using ﬁlter theory [13]. In [7], G. Janelidze and M. Sobral considered the problem in the particular case of
ﬁnite topological spaces, that are just ﬁnite preorders. They described in a very simple way the (effective) descent maps in
the category Preord of preordered sets and showed that topological descent theory is just an inﬁnite extension of the ﬁnite
case.
In this paper we study descent theory in a context lying in-between order and topology, namely in the category ω-Cpo
of ω-chain complete posets (ω-cpos, for short) and maps preserving suprema of ω-chains. The relevance of this category lies
in its use as a basic structure in domain theory for applications in theoretical computer science and denotational semantics.
While ω-Cpo is a non-full subcategory of Pos by deﬁnition, it can also be presented as a full subcategory of Top by
endowing its objects with the so-called ω-Scott topology (see e.g. [1,5]). We ﬁrst show that in Pos the (effective) descent
morphisms are characterized exactly in the same way as described in [7] for Preord. In order to describe the effective
descent morphisms in ω-Cpo, we begin by proving that surjective regular epimorphisms in ω-Cpo are exactly topological
quotients. Using this result, we show that effective descent morphisms in ω-Cpo are given by all those effective descent
morphisms in Pos with the property of lifting ω-chains and their upper bounds.
* Corresponding author.
E-mail addresses: cagliari@dm.unibo.it (F. Cagliari), sandra.mantovani@unimi.it (S. Mantovani).0166-8641/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2011.03.013
F. Cagliari, S. Mantovani / Topology and its Applications 158 (2011) 2366–2370 23672. Topology and order
We will consider the categories of ordered sets and of topological spaces, taking into account that any topology gives rise
to the specialization order, which makes a topological space a poset exactly in the case when it is a T0 space. On the other
hand, any preordered set can be considered as a topological space in various ways, in particular by means of the (ω)-Scott
topology, mainly used in domain theory.
Top (Top0) denotes the category of (T0) topological spaces and continuous functions. They are complete and cocomplete
categories, where regular epimorphisms are exactly the topological quotients (see [2] for details).
A characterization of regular epimorphisms in the category Preord of preordered sets (X,) (with  reﬂexive and
transitive) and monotone maps, is given e.g. in [7].
The full subcategory Pos of partially ordered sets (X,) (with  reﬂective, antisymmetric and transitive) is epireﬂective
in the category Preord. Given any preordered set X , if rX : X → r X denotes such epireﬂection, we have that rX (x) = rX (y)
if and only if x y and y  x.
As an easy consequence (also well known independently), we have that regular epimorphisms in Pos are the same that
in Preord (see [7,4]):
Corollary 2.1. Given f : X → B in Pos, the following are equivalent:
1. f : X → B is a regular epimorphism in Pos.
2. f is a regular epimorphism in Preord.
3. For any b, b˜ in B, b b˜ if and only if there are
x1  x2, x′2  x3, . . . , x′n−1  xn
with f (xi) = f (x′i) such that b = f (x1) and b˜ = f (xn).
A well-known mathematical structure in domain theory is given by ω-cpos (see [1,5]), partially ordered sets where every
ω-chain has a supremum. The category ω-Cpo is given by ω-cpos and maps preserving suprema of ω-chains. This means
that ω-Cpo is a subcategory of Pos, which is not full.
On the other hand, any ω-cpo can be endowed with the so-called ω-Scott topology, where the ω-Scott closed sets are
the lower sets closed under suprema of ω-chains. It turns out that a map between ω-cpos is ω-Scott continuous if and only
if it preserves suprema of ω-chains (see e.g. [5]). This way ω-Cpo can be fully embedded in Top0.
ω-Cpo is complete and limits are inherited from Pos. It is also cocomplete, as shown in [10]. Regular epimorphisms may
not be surjective, in general: for an easy example, take the ω-cpo N of natural numbers with the discrete order, S = {0 < 1}
and the two maps h,k :N → N× S , with h(n) = (n+ 1,0), k(n) = (n,1). Their coequalizer in ω-Cpo is not surjective, since it
is given by the map e :N× S → N∪ {∞}, with e(n+ 1,0) = e(n,1) = n, where N∪ {∞} is endowed with the standard order
relation. The nature of surjective regular epimorphisms in ω-Cpo is very simple, as the following lemma shows.
Lemma 2.2. f is a surjective regular epimorphism in ω-Cpo if and only if it is a topological quotient map.
Proof. Let f : X → B be a surjective regular epimorphism in ω-Cpo, that is f = coeq(h,k). Then B has the ﬁnal topology.
Indeed, suppose U ⊆ B and f −1(U ) open in X . The characteristic map γ : X → {0 < 1} of f −1(U ) (with γ ( f −1(U )) = 1)
satisﬁes the condition γ h = γ k. This implies that there is γˆ : B → {0 < 1} such that γˆ −1(1) = U , and so U is open. Vice
versa, if f : X → B is a topological quotient map with X and B in ω-Cpo, f is a coequalizer in Top, say for h,k : A⇒ X . The
discrete reﬁnement Ad of A is in ω-Cpo, and f turns out to be the coequalizer of h1A,k1A : Ad⇒ X in ω-Cpo. 
3. Descent theory in topology and order
If C is a category with pullbacks, for every C-morphism p : E → B , the pullback functor
p∗ :C ↓ B → C ↓ E
has a left adjoint p! , which is the composition with p on the left. This means that we can always consider the monad
T = p∗p! and the comparison functor K :C ↓ B → (C ↓ E)T , where (C ↓ E)T denotes the category of T-algebras. In this
context, we can use:
Deﬁnition 3.1. ([9]) Given a morphism p : E → B in C,
• p is a descent morphism if the comparison functor K :C ↓ B → (C ↓ E)T is full and faithful;
• p is an effective descent morphism if the comparison functor K is an equivalence, i.e. if p∗ :C ↓ B → C ↓ E is monadic.
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Des(p) of descent data, and it can be described as follows:
• The objects are the triples:
(C, γ :C → E, ξ : E ×B C → C)
such that the diagrams:
C
〈γ ,idC 〉
idC
E ×B C
ξ
π1
π2
C
pγ
C γ E p B
E ×B (E ×B C)
idE×Bπ2
idE×Bξ E ×B C
ξ
E ×B C ξ C
commute.
• The morphisms are those h : (C, γ , ξ) → (C ′, γ ′, ξ ′) such that the diagram:
E ×B C idE×Bh
ξ
E ×B C ′
ξ ′
C
h
γ
C ′
γ ′
E
commutes.
As shown e.g. in [8], in a category C with pullbacks and coequalizers, descent morphisms coincide with universal regular
epimorphisms, that is, with regular epimorphisms whose pullbacks along arbitrary morphisms are still regular epimor-
phisms.
In [7], G. Janelidze and M. Sobral characterized descent and effective descent morphisms in Preord. Using essentially the
same arguments, it is possible to show that the same characterizations hold in Pos.
Proposition 3.2. A morphism f : X → B is a descent morphism in Pos if and only if f is a descent morphism in Preord, that is (see [7,
Proposition 2.3]):
• given b1  b2 in B, there exist x1  x2 in X, with f (xi) = bi .
Proposition 3.3. A morphism f : X → B is an effective descent morphism in Pos if and only if f is an effective descent morphism in
Preord, that is (see Proposition 3.4 of [7]):
• given b1  b2  b3 in B, there exist x1  x2  x3 in X, with f (xi) = bi .
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We are now going to characterize those descent morphisms of Pos that are descent morphisms also in the subcategory
ω-Cpo.
Theorem 3.4. f : X → B is a descent morphism in ω-Cpo if and only if
(1) f is a descent morphism in Pos,
(2) for any ω-chain (bn)n∈N , in B, there is an ω-chain (xk)k∈N , in X , such that f (xk) is a sub-ω-chain of (bn) ( f (xk) = bnk ).
Proof. Let us suppose f satisﬁes Conditions (1) and (2) and let us consider the following pullback:
X ×B A f˜
g˜
A
g
X
f
B.
f˜ is surjective, since f is. We want to prove that f˜ is actually a quotient map.
Consider a subset C of A with f˜ −1(C) a closed subset of X ×B A. C is downward closed: if c1  c2 ∈ C , by Condition (•)
of Proposition 3.2, there are x1, x2 ∈ X , with x1  x2 and f (xi) = g(ci). In X ×B A, we have (x1, c1) (x2, c2). Since (x2, c2) ∈
f˜ −1(C), which is closed, we have (x1, c1) ∈ f˜ −1(C) and so c1 ∈ C .
Suppose now cn is an ω-chain of C , with c its least upper bound in A. g(cn) is an ω-chain of B with
∨
g(cn) = g(c), so
that there is an ω-chain xk in X with
∨
(xk) = x such that f (xk) = g(cnk ).
(xk, cnk ) is an ω-chain in f˜
−1(C), with
∨
(xk, cnk ) = (x, c) in f˜ −1(C), since it is closed. This implies f˜ ((x, c)) = c is in C ,
showing that C is closed.
Let now f be a descent morphism in ω-Cpo. f is a regular epimorphism in ω-Cpo. Given now b1 < b2 in B , let us
consider the embedding j of {b1,b2} into B . The pullback f | : f −1{b1,b2} → {b1,b2} of f along j is a surjective regular
epimorphism in ω-Cpo, so, by Lemma 2.2, f | is a topological quotient map. If there is no element x1 in f −1{b1} with
x1 < x2 for some x2 ∈ f −1{b2}, f −1{b2} should be closed. But this is impossible, since {b2} is not closed. This means that f
satisﬁes Condition (•) of Proposition 3.2, so that f is a descent morphism in Pos.
Let us consider now an ω-chain bn in B , with b its least upper bound. Let g be the corresponding continuous map from
N
∗ =N∪ {∞} to B with g(n) = bn and g(∞) = b:
X ×B N∗ f˜
g˜
N
∗
g
X
f
B.
f˜ −1(N) is not closed in X ×B N∗ , since N is not closed in N∗ and f is a quotient map. Since it is downward closed, there
exists in it an ω-chain yk , with its least upper bound y not in f˜ −1(N), so that f˜ (y) = ∞. This means that, if f˜ (yk) = nk ,
g˜(yk) is an ω-chain in X with f (g˜(yk)) = g(nk) = bnk . 
Thanks to the previous theorem, we can now state our ﬁnal result, a characterization of those effective descent mor-
phisms in Pos that are effective descent in ω-Cpo.
Theorem 3.5. f : X → B is an effective descent morphism in ω-Cpo if and only if
(1) f is an effective descent morphism in Pos, that is, for any b1  b2  b3 in B there exist x1  x2  x3 in X with f (xi) = bi ,
(2) for any ω-chain (bn)n∈N , in B, and any b′ >
∨
bn, in X there are an ω-chain (xk)k∈N , and x′ > xk, ∀k, such that f (xk) is
a sub-ω-chain of (bn) and f (x′) = b′ .
Proof. Consider descent data (C, γ , ξ ) in ω-Cpo, for f satisfying Conditions (1) and (2) above. (C, γ , ξ ) forms descent data
for f also in Pos, so there is a unique (up to iso) g : A → B in Pos such that C = X ×B A and g˜ = γ :
X ×B A f˜
g˜
A
g
X
f
B.
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First we prove that A is an ω-cpo. Given an ω-chain an in A, by Condition (2), there is an ω-chain xk in X with x =∨ xk
such that f (xk) = g(ank ). The ω-chain (xk,ank ) has a least upper bound (x,a). This implies a  an . Actually a =
∨
an in A.
Indeed, if a′  an in A, g(a′) g(an). By Condition (2), in X there exist an ω-chain yh (with y =∨ yh) and y′  yh such
that f (yh) = g(anh ) and f (y′) = g(a′). The ω-chain (yh,anh ) has a least upper bound (y, a¯) in X ×B A, so that a¯ an . This
means that (x, a¯) (xk,ank ), and then a¯ a. Furthermore, (y′,a′) (yh,anh ), and then (y′,a′) (y, a¯), so that a′  a¯ a.
From the above construction of least upper bounds in A and the continuity of f g˜ it follows that g is ω-Scott continuous.
The proof that an effective descent morphism in ω-Cpo satisﬁes Condition (1) is completely analogous to the proof given
in Proposition 3.4 [7] for an effective descent morphism in Preord.
Suppose now that f is an effective descent morphism in ω-Cpo and Condition (2) does not hold for f . Then there exist
in B an ω-chain bn and b′  b =∨bn , such that for any ω-chain xk in X with f (xk) = bnk , for any x′ with f (x′) = b′ , it not
true that x′  xk , for all k. Let us consider the poset A =N∪ {∞} ∪ {∗}, with the usual order on N, ∞ and ∗ upper bounds
of N, with no relation between them. The function given by g(n) = bn , g(∞) = b and g(∗) = b′ is monotone, so that we can
consider the pullback of f along g in Pos:
X ×B A f˜
g˜
A
g
X
f
B,
as well as the pullback of f along f g˜ = g f˜ :
X ×B (X ×B A) π2
ξ
X ×B A
f˜
X ×B A f˜
g˜
A
g
X
f
B.
(X ×B A, g˜, ξ) forms descent data for f in Pos. We want to show that this triple forms descent data also for f in ω-Cpo.
For this, it is suﬃcient to show that X ×B A, g˜ , ξ are in ω-Cpo. Let us start by proving that X ×B A is an ω-cpo. If (xk,ak) is
an ω-chain in X ×B A, whose second component is eventually constant from k¯ on, then ∨(xk,ak) = (∨ xk,ak¯). So let (xk,ak)
be an ω-chain in X ×B A, which is not eventually constant on the second component. In this case, ∨(xk,ak) = (∨ xk,∞).
In fact, if (x′,a′)  (xk,ak), then x′ 
∨
xk , and f (xk) = g(ak) = bnk , so that f (x′) = b′ . This means that a′ must be equal
to ∞.
From the above, it follows also that g˜ is continuous, as well as ξ , which is isomorphic to π2, the pullback in ω-Cpo of f
along f g˜ . (X ×B A, g˜, ξ) forms then descent data for f in ω-Cpo, therefore (A, g) should be in ω-Cpo, but it is not, since
N has no least upper bound in A. 
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